We compute the B K parameter and the mass difference ∆M LS of the K 0 -K 0 system by means of the chiral quark model. The chiral coefficients of the relevant ∆S = 2 and ∆S = 1 chiral lagrangians are computed via quark-loop integration. We include the relevant effects of one-loop corrections in chiral perturbation theory. The final result is very sensitive to non-factorizable corrections of O(α S N ) coming from gluon condensation. The size of the gluon condensate is determined by fitting the experimental value of the amplitude K + → π + π 0 . By varying all the relevant parameters we obtain B K = 0.87
Introduction
The effective ∆S = 2 quark lagrangian at scales µ < m c is given by , and µ is the renormalization scale. The parameters λ j = V jd V * js represent the relevant combinations of Kobayashy-Maskawa (KM) matrix elements (j = u, c, t). Finally we denote by Q S2 the ∆S = 2 local four quark operator
2)
The integration of the electroweak loops leads to the Inami-Lim functions [4] S(x) = x 1 4 + 9 4
3)
S(x c , x t ) = −x c ln x c + x c x 2 t − 8x t + 4 4(1 − x t ) 2 ln x t + 3 4
x t x t − 1 (1.4)
For the running QCD coupling we take the average over recent LEP and SLC determinations [8] , The scale-dependent B K (µ) parameter is defined by the matrix element
where f K and m K are the kaon decay constant and mass, respectively (see table 2 for their numerical values). The value of B K (µ) measures the deviation of the matrix element from the vacuum saturation approximation used in the original work of Gaillard and Lee [9] , namely B K (µ) = 1. The physically relevant parameter isB K , which is defined by the relation:
(1.11) [10] ).
This quantity should be in principle renormalization scale independent. As we include the perturbative NLO determination of the Wilson coefficient, we shall also discuss the γ 5 -scheme dependence of our result. An useful up-to-date summary of various determinations of this parameter is given in Table 1 which is taken from ref. [10] .
We have followed the approach described in ref. [20] in which the weak chiral lagrangian is considered as the effective theory of the χQM [1] . In the present case, it is the bosonization of the operator Q S2 and the determination of the coefficient of the corresponding ∆S = 2 chiral lagrangian that is made possible by the χQM.
In the determination of B K (µ) to O(α s N c ) enters the contribution of the gluon condensate. The final estimate is very sensitive to the value of such an input parameter. In order to restrict the range of allowed values, we impose the additional constraint of taking for the gluon condensate the value that gives the best fit of the experimental amplitude K + → π + π 0 , which is related at the leading order in chiral perturbation theory to that of K 0 →K 0 . Such a procedure is consistent with that followed in ref. [2] where we reproduced the ∆I = 1/2 rule by a similar choice of input parameters. A long-distance scale dependence is introduced by the one-loop chiral corrections to the hadronic matrix elements. In principle, this scale dependence should match that in the Wilson coefficients and provides a scale independent value of B K . In practice, we find that there cannot be matching at this order insofar as both the Wilson coefficient and the chiral corrections renormalize the parameter in the same direction. The scale dependence remains however below 20% and the final estimate is thus still reliable.
Our approach is in principle sensitive to the scheme used to treat γ 5 matrices in a generic space-time dimension. The NDR prescription of ref. [21, 22] preserves the chiral properties of the operator Q S2 by means of a convenient normalization of the evanescent operators. As discussed in ref. [20] , the consistency with such a prescription makes the matrix elements of Q S2 the same in the two schemes. As a consequence, the remnant scheme dependence of the final result is that present in the short-distance factor b(µ).
There are two important parameters related to the K 0 -K 0 mixing: the CP violating quantity ε which is proportional to the imaginary part of the mass matrix and the mass difference ∆M LS ≡ m L − m S . The observed value for these quantities are [23] : Knowing ε, we can determine Im λ t , as discussed in section 6. As a by-product of the computation one also obtains an estimate for the width difference ∆Γ LS , the experimental value of which is ∆Γ LS = −(7.374 ± 0.010) × 10 −15 GeV . (1.14)
However, a consistent determination of this quantity requires one extra order in perturbation theory, as we shall discuss below. From the theoretical point of view, the K 0 −K 0 mass matrix can be written, using CPT invariance, as
In the presence of CP violation (ε = 0) M 12 and Γ 12 are complex numbers. The diagonalization of the mass matrix ( 1.15) leads to the physical states:
For a tiny CP violation, their associated mass and width differences are given by:
In order to estimate these two parameters we need to evaluate in addition to the quark box-diagram contribution, coming from the ∆S = 2 effective weak lagrangian given in (1.1), the long-distance contribution coming from the double insertion of the ∆S = 1 weak chiral lagrangian. In the latter case, the mixing between K 0 and K 0 can proceed, up to the one-loop level, via one-and two-particle intermediate 20) Within the χQM approach the ∆S = 1 weak chiral lagrangian can be systematically derived at a given order in momentum expansion starting from the effective quark lagrangian [24] : 21) where Q i are local four-quark operators obtained by integrating out in the standard model the vector bosons and the heavy quarks t, b and c. A convenient and by now standard basis includes the following ten quark operators: The ∆S = 2 matrix element can be related via chiral symmetry to that of the ∆S = 1 and ∆I = 3/2 amplitude A(K + → π + π 0 ) [12] . Neglecting the SU (3) breaking effects related to the chiral loop corrections to the matrix element, the electromagnetic contributions and the π − η mixing, we obtain the relation
In the previous equation V us and V ud are two matrix elements of the KM mixing matrix, b(µ) is the ∆S = 2 Wilson coefficient given by (1.5), while z 1 (µ) and z 2 (µ) are the real parts of the Wilson coefficients for the two ∆S = 1 operators Q 1 and Q 2 which dominate the
By inputting the experimental value A(K + → π + π 0 ) = 1.84 × 10 −8 GeV and the NLO results for the Wilson coefficients (the ratio b(µ)/(z 1 (µ) + z 2 (µ)) is to a large extent µ and γ 5 -scheme independent) we find the model "independent" estimate
This number updates the value B K = 0.33 given in ref. [12] . On the other hand, having a model that reproduces the experimental result, in order to apply correctly eq. (2.1) we must subtract in A(K + → π + π 0 ) all the chiral symmetry breaking corrections due to chiral loops, electroweak penguins and π − η mixing [2] . In this way we obtain in the χQM approach, on the basis of chiral symmetry arguments alone, the following O(p 2 ) prediction:
In the previous formula we have denoted by δ GG the non-perturbative gluonic corrections which arise in the χQM approach,
where α s GG/π is the gluon condensate and N c is the number of colors. We will come back to these corrections in the next section. In considering eq. (2.3) it is important to remember that the factor f π comes from the soft pion theorem, while f is the chiral lagrangian parameter appearing in the calculation of the amplitude A(
spurious µ dependence present in eq. (2.3) should be canceled by that of the hadronic matrix elements, which is absent at the lowest order in the chiral expansion.
If we choose for the gluon condensate the value α s GG/π = (360 MeV) 4 (which gives the best fit of A(
, we obtain at µ = 0.8 GeV
This value includes the non-factorizable effects of gluon condensate corrections, which play a crucial role in the fit of the ∆I = 3/2 amplitude in K → ππ decays. The value in eq. (2.5) represents the starting point of our analysis, to which we will add the effect of chiral loop contributions to the ∆S = 2 matrix element.
Computing B K
In this section we will extend the techniques that we have developed for ∆S = 1 weak processes in ref. [20] , by using the χQM to construct the ∆S = 2 weak chiral lagrangian.
The leading chiral coefficient in the chiral quark model
At the leading O(p 2 ) order in the chiral expansion, the strong interaction between the SU(3) Goldstone bosons is described by the following effective lagrangian [25] whereM is the mass matrix of the three light quarks (u,d and s) and Σ is defined as
To the same order, the ∆S = 2 weak chiral lagrangian is given by:
In eq. (3.3) D µ indicates the covariant derivative with respect to any external field, while λ 3 2 is a combination of the SU(3) Gell-Mann matrices which acts in the flavor space causing a transition from a d-quark to an s-quark: (λ 3 2 ) lk = δ 3l δ 2k . C(Q S2 ) is the chiral coefficient, which we determine by comparison with the χQM calculation. Two configurations contribute to the determination of this coefficient at O(N c ), as shown in Fig. 1 .
In both HV and NDR schemes we find (for convenience we do not write the overall ∆S = 2 Wilson coefficient given in eq. (1.1))
An important correction to eq. (3.4) arises by considering the propagation of quarks in an external gluon field. The effects of non-perturbative gluonic corrections have been first studied in [14] . 
where δ GG is given by eq. (2.4). By using the definition given in eq. (1.10) and computing at leading order K 0 |Q S2 |K 0 , we obtain the following expression for B K (µ):
At this stage of the computation, B K (µ) does not exhibit yet an explicit dependence on µ. In our approach the scale dependence arises from meson-loop corrections.
If we take f = f π in eq. (3.6) we recover eq. (2.5), as it should be. Taking f = f K and δ GG = 0, eq. (3.6) reproduces the result obtained in the 1/N c approach. lagrangian. In our approach, on the contrary, the tree-level counterterms are µ independent and the scale dependence introduced in the hadronic matrix elements via the meson loops, evaluated in dimensional regularization with the standard minimal subtraction, is matched with the scale dependence of the Wilson coefficients.
The diagrams relevant to the present case are depicted in Fig. 3 . The diagram in Fig. 3(a) contains only a four-meson weak vertex of the ∆S = 2 chiral Lagrangian, while the diagram in Fig. 3(b) contains two vertices, one of which is a four-meson strong vertex and the other is a two-meson weak vertex. Another class of diagrams, which are induced by wave function renormalization, is shown below 3(a,b).
A direct calculation yields:
where C(Q S2 ) is the chiral coefficient given by eq. (3.5), and
We also have to consider the meson decay constant renormalization, that is the one-loop determination of f in terms of f K . This renormalization introduces chiral corrections which cancel some of the contributions coming from meson loops.
Denoting by K0 |Q S2 |K 0 | 1aN F the non-factorizable chiral corrections coming from the diagrams of Fig. 3 (a) that remains after subtracting the kaon decay constant renormalization we have:
14)
The expression for the amplitude, comprehensive of meson loops, wave function and kaon decay constant renormalizations can be written as 15) where the contribution K0 |Q S2 |K 0 | tree must be evaluated identifying the chiral lagrangian coefficient f with f K . An approach similar to the one that we are adopting here has been followed in ref. [13] in the framework of a cut-off regularization of the chiral loops. It is important to stress that here we have chosen to regularize the divergent integrals appearing in the meson loops by using dimensional regularization (as we have already done in [20, 2, 3] ). This choice is motivated by consistency with the short distance calculation of the Wilson coefficients, which is performed using the same regularization.
In order to show the impact of chiral loops on the K 0 -K 0 amplitude, we find convenient to factorize the tree level contribution in terms of the input parameters, while giving the corresponding loop renormalization as a numerical coefficient with an explicit µ dependence. The values of the meson masses and other input variables are those given in Table 2 . We thus find:
From eq. (3.16) we obtain the final result for B K (µ), inclusive of the effects of meson loops, wave function and kaon decay constant renormalization:
The scale dependence of the hadronic matrix elements interfere constructively with that of b(µ). Nevertheless, the overall scale dependence remains below 20% in the range between 0.8 and 1 GeV.
Numerical Analysis
We now have all the ingredients necessary to make a detailed analysis of the values of the parameter B K , where B K (µ) and b(µ) are given by eq. (3.17) and eq. (1.5), respectively. The final result depends on the values of the gluon condensate α s GG/π entering in the determination of the gluon corrections to B K (µ) and of Λ (4) QCD which determines the value of the QCD coupling constant α S , and consequently of b(µ) .
Input Parameters
A relevant input parameter in our present analysis is the gluon condensate. We choose for this quantity the value that gives within a 30% error a fit of the ∆I = 3/2 K + → π + π 0 amplitude: Our results depend very little on the quark condensate that we keep fixed at the value= − (280 MeV) 3 , which gives the best fit of the ∆I = 1/2 K 0 → ππ amplitude. A word of caution concerning the renormalization prescription of the chiral lagrangian parameter f in the amplitudes: in refs. [20, 2, 3] we have included the one-loop renormalization of 1/f 3 in the K → ππ tree level chiral amplitudes. From now on we include in the counting of powers of f also the f dependence of the chiral coefficient computed in the χQM. For the K → ππ amplitudes it amounts to replace 1/f 3 → f . The numerical consequence of this change in prescription is that the best fit of the ∆I = 1/2 rule leads to a central value of the gluon condensate α s GG/π = (360 MeV) 4 , slightly smaller than that obtained in [2] , namely (372
Another input parameter which is important for the determination of B K , is the QCD running coupling constant α s entering in the computation of the short distance factor b(µ). In our numerical estimates we use for α s the range of eq.(1.8), corresponding to the values of Λ (4) QCD given by (1.9). The values of this and other input parameters are listed in Table 2 .
Numerical results for B K
Our numerical estimate of the parameter B K is summarized in Table 3 , in which we have fixed α s GG/π to the central value of eq. (4.1) and we have examined two extreme values of the matching scale µ in both schemes HV and NDR. The three parts of the table show the dependence on the QCD scale parameter Λ 
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From Table 3 we obtain the ranges 0.79 ≤ B K ≤ 1.0 in NDR and 0.69 ≤ B K ≤ 0.97 in HV scheme.
The quantities ∆ γ 5 B K and ∆ µ B K measure the size of the γ 5 −scheme and µ− dependences respectively,
3)
The scale dependence ∆ µ B K is near to 20% in both schemes and it is mainly due to the effect of meson loops renormalization. As a matter of fact the final µ dependence is larger than the one originally present in the coefficient b(µ), which is less than 10%. Nevertheless the fact that the scale dependence is at most 20% makes us confident on the stability of our results. and allows us to choose µ = 0.8 GeV as the best compromise between the upper limit of validity of chiral perturbation theory, used to compute B K (µ), and the lowest scale for perturbative calculations, needed to obtain the short distance coefficient b(µ).
The scheme dependence of our result is entirely due to b(µ), since the hadronic matrix element does not exhibit any scheme dependence. At any rate ∆ γ 5 B K is below 10% for all values of µ in the given range.
Finally, a few words on the dependence of our results on the value chosen for the gluon condensate. In Fig. 4 we show B K as a function of the gluon condensate, for our preferred matching scale µ = 0.8 GeV, and Λ 
QCD . We take for the gluon condensate the value α s GG/π = (360 MeV) 4 , preferred by the fit of Γ(K + → π + π 0 ). in units of GeV. The dark and grey lines represent the HV and NDR results respectively.
K L -K S mass difference
We apply the results of the previous section to the study of the K 0 L -K 0 S mass difference ∆M LS . The full ∆M LS can be split into short-and long-distance components as
Notice that the "short-distance" component ∆M SD , generated by the lagrangian in eq. (1.1), contains the hadronic parameter B K . The value of B K estimated in the previous part of the paper completes the determination of the box (or short-distance) component of ∆M LS .
We address now the issue of the evaluation of the genuine long-distance contribution ∆M LD . We will do it consistently with the evaluation of B K . The interesting question is whether the interplay between ∆M SD and ∆M LD reproduces the observed value ∆M exp LS .
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Long distance ∆S = 1 induced contributions
Many attempts have been made to estimate ∆M LD [26] - [33] by means of various techniques like chiral symmetry, dispersion relation with experimental data of s−wave ππ scattering, leading to a variety of numerical results.
Our aim is to give a consistent estimate of ∆M LD based on the χQM approach. As already mentioned, the K 0 -K 0 mass difference receives contributions from the exchange of the SU(3) meson field octet (we leave aside in this analysis the contribution of η ′ ) via the double insertion of the ∆S = 1 chiral vertices.
The complete bosonization of the ∆S = 1 lagrangian of eq. (1.21) can be found in ref. [34] . Here we just quote the result for the operators Q 1−6 , which turn out to be relevant for the calculation of ∆M LD . The electroweak penguins Q 7−10 give a negligible contribution (of the order of 1%) due the smallness of their Wilson coefficients.
The bosonization of the relevant operators leads to Table 4 . In this table M is the constituent quark mass, that, consistently with previous analyses, we take at 220 MeV and Λ χ is the chiral symmetry breaking scale (≃ 1 GeV).
The diagrams relevant to the evaluation of the long-distance contribution ∆M LD arise via one-particle and two-particle intermediate states (three-particle intermediate states have been shown not to give significant contributions [28] ). They contain 
Using the Feynman rules reported in appendix A, it is found that the single particle intermediate state contribution give a result proportional to (4m [26] by the Gell-Mann-Okubo relation. A non-vanishing contribution is obtained from the two particle intermediate states, which corresponds to the double insertion of the ∆S = 1 chiral lagrangian as depicted in Fig. 5(a) and 5(b) . To our knowledge, the relevance of the diagrams of the type (b) (tadpole diagrams) was first pointed out in ref. [32] .
The calculation is lengthy and the details can be found in refs. [36] . In evaluating the loop integrals, we use dimensional regularization and modified minimal subtraction.
∆S = 1 Wilson coefficients
In Table 5 we report the Wilson coefficients of the first six operators at the scale µ = 0.8 GeV in the NDR and HV γ 5 -schemes, respectively. Since Re τ in eq. is of O(10 −3 ), the K 0 ↔K 0 transition is controlled by the coefficients z i , which do not depend on m t .
∆S = 2 Wilson coefficients
The Wilson coefficients of the ∆S = 2 effective quark operator are denoted by η 1 , η 2 and η 3 (see eq. (1.1)).
The NLO calculations of η 1 and η 2 can be found in refs. [6] and [5] respectively, while the analogous calculation for η 3 , which is particularly challenging, has been performed only recently by the authors of ref. [7] . We have taken their results and evaluated the QCD factors for our choice of parameters.
As an example, for Λ 
QCD and of the matching scale µ are given in 
QCD in the χQM. We take for the gluon condensate the value α s GG/π = (360 MeV) 4 and for the quark condensate= −(280 MeV) 3 , which are the values preferred by the fit of the ∆I = 1/2 selection rule at the same perturbative order. The "short-distance" component ∆M SD is evaluated for a top quark pole mass of 180 GeV and for the values of B K given in Table 3 . Fig. 5(a) but of the opposite sign, leading to a small and negative ∆M LD in most of the parameter space.
We disagree with ref. [32] in the details of the calculation and on the the relevant interactions. In particular, the author of ref. [32] seems to neglect some of the leading insertions of the operator Q 2 , according to our computation.
Our result depends on the value of the gluon condensate. Fig. 6 shows the typical behavior for a choice of input parameters. The total theoretical mass difference ∆M A final comment about the width difference ∆Γ LS is necessary. A direct calculation of the absorptive component of Fig. 5(a) gives about 1/6 of the experimental result. The reason is that the tree-level K → ππ decay amplitudes do not reproduce the measured ones. Only by replacing in the vertices of Fig. 5(a) the one-loop results obtained in [2] , we obtain the agreement with the experimental ∆Γ LS . This is equivalent to computing directly the absorptive part of of Fig. 5(a) up to three loops.
The Mixing Parameter Im λ t
A range for the KM parameter Im λ t , which is relevant for CP violating observables, can be determined from the experimental value of ε as a function of B K , m t and the other relevant parameters involved in the theoretical estimate.
Given m t , m c and the KM parameters [23] |V us | = 0.2205 ± 0.0018 (6.1)
|V ub /V cb | = 0.08 ± 0.02 , We can see that the equations (6.4) and (6.5) define two families of curves (respectively hyperbola and circles) in the (ρ-η) plane. The allowed values of the two parameters correspond to the region delimited by the intersections between the two families of curves. The area enclosed by the two solid line hyperbolae corresponds to our most conservative range 0.54 < B K < 1.2.
This procedure gives two possible ranges for η and consequently for Im λ t ≃ η|V us ||V cb in the second quadrant. We also consider a "biased" estimate of Im λ t , obtained by fixing the gluon condensate and Λ = 180±12 GeV affects very little the quoted lower bounds on Im λ t while the upper bounds are changed by less than 20% (decreasing m t corresponds to increasing the upper limits). On the other hand, the upper bound on Im λ t remains stable, beeing bounded by the maximum value of η obtained from eq. (6.5) (ρ = 0).
We do not discuss here details of the bounds provided by ∆M B d which are represented, for the central value of m t , by the area delimited by the grey lines in Fig. 7 . The constraints of B d −B d mixing have a marginal impact in the determination of the overall range of η. As the example in the figure shows, only the lower bound of Im λ t in the second quadrant is affected by such an inclusion and raised to 0.6×10 −4 .
